Vugs are small to medium-sized cavities commonly present in rocks. The presence of vugs may have non-trivial impacts on the hydro-mechanical behaviors of the rock. How to effectively quantify and analyze such effects is still an challenging problem. To address the problem, we derive a macroscopic coupled hydro-mechanical model for single-phase viscous fluid flow through a deformable vuggy porous medium. We first model the hydro-mechanical coupling process on a fine scale using Biot's equations within porous matrix, Stokes equations within the vugs, and an extended Beavers-Joseph-Saffman boundary condition on the porous-fluid interface. Based on the homogenization theory, we then obtain macroscopic Biot's equations that govern the hydro-mechanical coupling behaviors of vuggy porous media on a large scale. Subsequently, the macroscopic poroelastic coefficients, such as the effective permeability, effective Young's modulus and effective Biot coefficient, are derived from three cell problems. Finally, several numerical examples are designed to validate the proposed model and to demonstrate the computational procedure for evaluation of the hydro-mechanical behaviors of vuggy porous media.
Introduction
Vug are defined as visible pores that are significantly larger than adjacent grains or crystals (Lucia, 2007; Huang et al., 2010 Huang et al., , 2011 , as shown in Figure 1 . The presence of vugs can significantly increase the porosity and permeability of the rock (Arbogast and Lehr, 2006; Popov et al., 2009; Karasuyama et al., 2011; Xie et al., 2017) . The main challenge is the coupling of porous flow and free-fluid flow (Arbogast and Brunson, 2007; Zhang et al., 2016) , which is the key issue for many environmental, biomedical and industrial applications (Mosthaf et al., 2011; Baber et al., 2012; Chen et al., 2014) . There are usually two schemes to model the coupling porous-free flow. One is the single domain approach using Stokes-Brinkman equations, the other one is the two domain approach using Darcy-Stokes equations. The former provides a model that can be continuously varied from a Darcy dominated flow to a Stokes dominated flow, so it avoids to introduce extra boundary conditions between porous media and free fluid region (Popov et al., 2009 ). However, the recent results show that the Stokes-Brinkman equations are only applicable for a special parameter set (Karasuyama et al., 2011) , where the effective vugs permeability should be less than four orders of magnitude different from the matrix permeability.
Therefore, the Darcy-Stokes system is more used. But one should introduce suitable boundary conditions at the porous-fluid interface (Goyeau et al., 2003) to couple these two equations. The Beavers-JosephSaffman (BJS) boundary condition is usually adopted (Beavers and Joseph, 1967; Saffman, 1971; Mikelic and Jäger, 2000; Carraro et al., 2015) . It should be note that the mentioned coupling equations are just focus on the fluid flow and ignore the deformation of the porous solid skeleton. Recently, the interaction between the free fluid and a deformable porous medium has been attracted extensive attention because of its wide range of applications, e.g. ground surface water flow, seabedwave, blood-vessel interactions and geomechanics of fractured vuggy carbonate reservoirs (Wang et al., 2004; Badia et al., 2009; Zhang et al., 2017) . Let us focus on the last application. As illustrated in Figure   1 , a vuggy carbonate reservoir is a typical double-porosity medium. Due to the different sizes between matrix pores and vugs, the vuggy porous media are more stress-sensitive than the homogeneous porous media (Jaeger et al., 2007; Zhang et al., 2017) . The Biot's equations are usually used to model the hydromechanical coupling effects of porous media (Biot, 1941 (Biot, , 1956 Jaeger et al., 2007; Both et al., 2017) . Murad et al. (2000 Murad et al. ( , 2001 were the first to use Biot-Stokes equations to study the hydro-mechanical behavior of a double-porosity medium, in which a porous cell contains micro pores and the surrounding system of macro pores, void spaces or bulk flow paths (e.g., fractured rock or aggregated soil). And the extended BJS boundary conditions were proposed in the framework of small strains. Following their works, Showalter (2005) proposed a mixed formulation for the resolvent Biot-Stokes equations with extended BJS boundary conditions. Whereafter, some numerical studies of the Biot-Stokes coupling problem have been presented (Badia et al., 2009; Ambartsumyan et al., 2017) . Although we can use numerical techniques to get accurate and detailed poroelastic and fluid behaviors on the fine scale (the scale of the periodic region), it will lead to a computationally expensive problem if one focuses on the fine-scale structure on the macroscale (Kouznetsova et al., 2001; Yalchin and Hou, 2009; E, 2011) .
Therefore, an upscaling description of the fine-scale structural behaviors is needed when we focuses on the macroscale problem (e.g., core analysis and reservoir simulation).
Usually, one can get the macroscale constitutive relations through the experiments. This approach, however, is less effective when dealing with complex coupling multi-physical process. An alternative is provided by volume averaging or homogenization techniques (Whitaker, 1999; Auriault et al., 2009) , which allow the inclusion of the fine-scale descriptions within the larger scale problem. Murad et al. (2000 Murad et al. ( , 2001 applied the homogenization technique to upscale the Biot-Stokes equations aiming to get the constitutive laws for the double-porosity media. However, they assumed the local Biot number Bi→∞, and then they neglected the interfacial resistance. As a result, the continuity condition of the tangential velocity on the interface is enforced instead of the BJS condition. Lewandowska and Auriault (2013) developed a macroscopic model of hydro-mechanical coupling for the case of a porous medium containing isolated cracks or vugs. The Biot-Stokes equations are applied in their work, in which the continuity conditions of the stress, fluid pressure and velocity are imposed at the porous-fluid interface.
More recently, Eghbalian (2016a, 2016b ) studied the hydro-mechanical description of fractured porous media based on micro poromechanics by using the mean-field theory and Mori-Tanaka homogenization scheme. They also used Biot-Stokes equations on the fine scale, but the continuity of the velocity and stress are directly applied instead of the BJS condition. Therefore, a general homogenized result of a Biot-Stokes systems coupling with BJS condition is still an opening problem.
In this work, we start from the Biot-Stokes equations coupling with the BJS condition on fine scale to develop a general macroscopic hydro-mechanical model for vuggy porous media via the asymptotic expansions homogenization theory (Sanchez-Palencia, 1980; Auriault et al., 2009; Argilaga et al., 2016) .
To our best knowledge, the derived macroscopic Biot's equations are novel and general for deformable vuggy porous media. It is shown that the general structure of Biot's equations is the same as in the case of homogeneous medium but the effective poroelastic coefficients are modified and have different physical meanings. In Section 2, the Biot-Stokes equations of the problem at the fine scale is presented.
In Section 3, the homogenization upscaling process is described in detail. Section 4 gives several numerical examples and discussions.
Biot-Stokes equations on the fine scale
The development in this section is similar to that in the papers (Chen et al., 2004; Arbogast and Lehr, 2006) . Let Ω be a bounded deformable fractured or vuggy porous medium in R 
where, σm and σs are the total stress tensor of matrix and stress tensor of solid matrix skeleton, respectively. The density of saturated matrix ρm=ρf +(1-)ρs, here  is the porosity of matrix, ρf and ρs are the density of fluid and solid matrix skeleton. pp is the matrix pore pressure; α is the Biot coefficient, which is a second rank tensor; a is the fourth rank elastic tensor. us is the displacement of solid matrix skeleton, and s u  denotes the differentiation of us with respect to time. vm is the Darcy's velocity, and vp     
In this work, we only consider a formal asymptotic expansion of the solution in (1)~(5), and the boundary of Ω does not play a role in this expansion. So the above definition can be rewritten as follows
Next, we consider the following scaled problem.
(1) Biot's equations in matrix
(2) Stokes equations in vugs
where, we have scaled both the fluid viscosity  and permeability k ε by ε 2 . This is the usual scaling for deriving Darcy's equation from Stokes equations (Arbogast and Lehr, 2006) . Since as ε→0, flow paths (in our case matrix pores and vugs) will constrict, and a corresponding decrease in fluid viscosity is required to maintain the flow rates. Moreover, the permeability
, so it have a similar scaling of viscosity. Note that these scaling treatments are implied in the stated scaling of BJS condition.
Following the custom of homogenization theory, we assume that any point is described by two 
where  x and  y denotes the gradient operators with respect to x and y, respectively. Assuming that the solution to (8)~(10) behave as if it was a function of these two coordinates and that it can be expanded in a power series in terms of ε, the stress, pressure, displacement and velocity are then can be expanded in the following asymptotic form
where,
 denotes the different variables, e.g. stress, pressure, displacement and velocity, which are
. Then, we shall substitute (12) into (8)~ (10), and analyze the resulting equations.
Two-scale asymptotic analysis
We now we shall substitute (12) into (8), apply (11), and collect terms with like powers of ε -1 and 
By the second and fifth equations of (13), we have
That is, (2) Stokes equations in vugs
By the first equation of (15), we have
are also independent of y.
(3) Interface conditions 
where Yfm = Yf ∩ Ym, and the third equation implies that
The analysis of mechanical behavior
Apply the first three equations of (13), the second equation of (13), the second equation of (17), and equation (18) 
where the tensor , , 1, 2, 3
, with ik  being the Kronecker symbol. In the same way,
Then, applying the second and third equations of (13) and (20), we obtain
: :
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Now, we define the total stress as
And let us define the average operator <•>
Averaging the total stress
σ over Y and using the first equation of (15), (16) and (23), we obtain :
Integration of the seventh equation of (13) over Ym, and applying the divergence theorem, the periodicity condition, and the fourth equation of (17), we obtain
Again, applying the divergence theorem, the periodicity condition, and integrating the second equation
of (15), we see that
By adding the equations (28) and (29), we obtain
where, the mass density of the bulk material is defined as
Then, by dividing by volume or area |Y|, (30) implies that
In the derivation of (32), a volume averaging theorem (Whitaker, 1999) has been used together with the periodicity condition, which implies that
The equation (32) is the macroscopic Navier equation for a deformable vuggy porous medium.
The analysis of fluid flow behavior
In this section, it follows from the sixth and eighth equations of (13), the second, third, fourth equations of (15), and the first, sixth, seventh equations of (17) that 
Applying the equations (14) and (18) 
where
The first and third equations of (35) imply that
, 
ω ω e ω ω n ω n n e ω n τ e ω n ω τ τ k τ (38) We now apply the averaging operator in the following sense
Then together with the fourth equation of (13) and (36), we see that
total porosity total pore fluid velocity
is the fluid velocity through the total pores in fractured or vuggy porous media, including the matrix pores and fractures (or vugs); T  is the total porosity of the fractured or vuggy porous media, including double porosity, i.e. matrix porosity and vuggs' porosity. Now let the matrix keff be defined by
Then we can obtain the following macroscopic Darcy's equation
The analysis of hydro-mechanical coupling equation
Finally, let us collect the ninth equation of (13) and the fifth equation of (15), which leads to
Following the definition of total Darcy velocity in (40) and (36), we require the following forms
where, the relation
I e u   has been used. Now integrating the above equations over Y, and applying the average operators, we find
Then it follows from a further application of the divergence theorem and periodicity condition for the second term on the left hand side, and use of (23) that 
The macroscopic equations
With this, the macroscopic equations of a deformable vuggy porous medium are given by (26), (32), (42) and (46). And the macroscopic equations can be rewritten as follows:
where the corresponding coefficients are defined as following: 
The formula of (48) are classical Biot's equations. That is, the macroscopic hydro-mechanical behavior of vuggy porous media is also described by using the Biot's theory in the framework of small strains. However, the corresponding coefficients are more complex and difficult to evaluate. Here, we summarize the properties of the above coefficients. At first, it can be shown that eff k is positive definite and symmetric (Arbogast and Lehr, 2006) . We also note that eff α is symmetric. Second, it is easy to prove that the effective elasticity coefficient eff a is symmetric and positive definite (Chen et al., 2004; Auriault et al., 2009 ). Finally, the last equation of (49) shows that eff 0   .
Numerical experiments and discussions
In this section, several numerical experiments are conducted to verify the validation of the proposed macroscopic equations and to evaluate the macroscopic hydro-mechanical properties. The identification and the use of the macroscopic constitutive equations of the vuggy porous media require the solution of the cell problems (21)- (22) for the mechanical part and cell problem (38) for the fluid flow part.
However, even for simple configurations of the elementary cell, those problems cannot be solved analytically and a numerical computation is needed. In this work, all computations are performed by using the finite element method (FEM). In this work, the cell problems of the mechanical part (Eqs. 21
and 22) are solved using classical Galerkin FEM. For the cell problem of the fluid part (Eq 38), we use a mixed FEM in the porous flow and free fluid flow regions. For more details on the said numerical schemes, the reader is referred to (Bower, 2009; Arbogast and Brunson, 2007; Huang et al., 2011) .
A porous medium with a circular vug
As shown in Figure 4 -a, a periodic medium (10 -3 m × 10 -3 m) with a circular vug is considered, and the porous matrix is assumed to be isotropic and homogeneous (i.e. no vug). We study the impacts of
Poisson's ratio of matrix and volumetric fraction of the vug on effective Biot coefficient αeff with two cases. In Case 1, the matrix is assumed to be non-porous, which is the same as the work of (Lydzba and Shao, 2000) , and the Young modulus and Biot coefficient α of matrix are 1 GPa and 0, respectively. In Case 2, the matrix is porous, and the parameters are given as: Young modulus E, 1 GPa; the Poisson's ratio ν, 0.3; Porosity of matrix ϕ, 0.126; Biot coefficient α, 0.334I; Storage coefficient γ, 0.218 GPa -1 .
Due to the symmetries of the porous medium, it yields an isotropic macroscopic model. Herein, we applied the plane strain numerical simulation. Figure 5 , and excellent agreements between the current work for non-porous matrix and the references (Lydzba and Shao, 2000) are achieved. Comparing to the non-porous matrix case, the Biot coefficient αeff of the porous matrix cases is increased, which means the hydro-mechanical coupling behavior becomes stronger. At the same time, this enhancement feature becomes less marked with the increase of the Poisson's ratio and volumetric fraction of the vug. Table 1 shows the comparison of the calculated effective Biot's coefficients between this work and the references. To assess the validity of this work for calculating effective permeability, a same porous medium as above with different vug radius is considered, and the matrix permeability is 10 mD (milli Darcy). The isotropic effective permeability for different vug radius is presented in Table 1 , and results of the current Porosity of the vug Lydzba and Shao (2000) Current work for non-porous matrix Current work for porous matrix model are compared with those of (Huang et al., 2011) and (Wan and Eghbalian, 2016b) . As shown in Table 2 , the effective permeability increases obviously with the increasing of vug's radius, and our numerical results get a good match with that of the reference results. It should be noted that the results of (Wan and Eghbalian, 2016b) are little different from the current work and (Huang et al., 2011) . This is because the former used the continuity condition of tangential velocity but the last two used the BJS slip conditions. The impacts of the BJS slip coefficient on the effective permeability have been investigated in our previous work (Huang et al., 2011) . 
A porous medium with a penny-shaped vug
In this subsection, a porous medium with a penny-shaped vug is used to verify the current work.
The semi-axes of the vug are 0.2 mm in the x-direction and 0.002 mm in the y-direction, and the parameters are the same as Case 1 in section 4.1. The effective Biot's coefficients are reported by (Lewandowska and Auriault, 2013; Wan and Eghbalian, 2016b ) are compared to this work, which is shown in Table 3 . It can be seen that the results of current work are in excellent agreement with those of (Lewandowska and Auriault, 2013) , while there is a slight error between those of (Wan and Eghbalian, 2016b) . It should be note that the macroscopic model proposed by Wan and Eghbalian is aimed to fractured porous media. When the shape of vugs becomes closer, the closed-form of the poroelastic parameters will agree better with our work.
Two calculations were performed to solve problems (21) by applying a macroscopic unit strain along the x-direction and y-direction, respectively. Displacements ξ 11 and ξ 22 are presented in Figure 6 .
It should be noted that there are small differences between our current work and Lewandowska and Auriault (2013) . This is because they used the simplified boundary conditions for the base problem (21) as described in section 1. Although the Biot coefficient  of the porous matrix is isotropic, the effective Biot coefficient of the porous medium is anisotropic due to the penny-shaped vug. The effective elasticity tensor of the vuggy porous medium is compared to that of the porous matrix, as listed below. All the components of effective elastic tensor are decreased due to the presence of a penny-shaped vug, especially in the y-direction (i.e. along the semi-minor axis). For effective Darcy permeability keff, its directional value is dependent on the length of a vug along with the corresponding direction. And it increases with the increasing length. This implies that the vug connectivity may be the most important factor for effective permeability. For effective elastic Young's modulus, the second equation of (49) indicates that its value is dependent on the averaging stress under the traction of kh ξ imposed at porous-fluid interface. Therefore, its value is strongly correlated to the interface distribution and position on the medium. The numerical results of aijkl in Table 4 confirm that.
For the effective Biot's coefficient, the third equation of (49) indicates that its value depends on the porosity of vugs and the traction of kh ξ imposed at porous-fluid interface. In this example, the porosity of vugs is same. As a result, the effective Biot's coefficient also relies on the shape and distribution of the porous-fluid interface. The parameter γeff has the similar variation trend to the effective permeability. Actually, the shape of vug determines the interface between porous matrix and free fluid flow region, which is the key for the analysis.
Analysis of a 3D vuggy porous medium
Vug are defined as visible pores that are significantly larger than adjacent grains or crystals (Lucia, 2007) . They may be formed through a variety of processes. Most commonly, vugs may form when mineral crystals or fossils inside a rock matrix are later removed through erosion or dissolution processes, leaving behind irregular voids. In this subsection, we will give a simplified 3D model for this typical vug, as shown in Figure 8 . There is a tortuous pipe, and the medium part was enlarged due to the erosion process. The volume fraction of the vug is 0.0791. Table 5 . As illustrated in Figure 8 , the tortuous vug actually connect with each other along the x-direction due to the periodicity. As a result, the component of the effective permeability in x-direction is larger than the components in y and z-directions will decrease more. The calculated effective elasticity tensor is compared to that of the porous matrix, as listed below.
All the components of effective elastic tensor are decreased due to the presence of the tortuous vug, especially along the y and z-directions. 
Conclusions
We have systematically derived the macroscopic equations for the mechanical behavior of a deformable vuggy porous medium saturated with a Newtonian fluid via the homogenization theory. The developed formulation presented in this paper is novel since it takes into account the general BeaversJoseph-Saffman (BJS) interface boundary conditions for Biot-Stokes system. In the case of Biot-Stokes coupling hydro-mechanical system, these macroscopic equations coincide with classical Biot's equations.
And the homogenization approach determines the form of the macroscopic constitutive relationships between variables, and shows how to compute the poroelastic coefficients in these relationships. Several numerical tests have been conducted to demonstrated the calculation procedures. The numerical results
indicates that the existence of the vugs have significant impacts on the effective elastic and hydro parameters of the vuggy porous media.
In addition, we note that the calculations of the macroscopic properties only depend on the decoupling three cell problems, i.e., two Navier equations for elastic problem and one Darcy-Stokes flow problem with BJS condition. It also show that our homogenized results provide a natural way of modeling realistic deformable vuggy porous media. In this work, only small strain and elastic problem is considered.
In the future, the finite deformation analysis will be conducted, and the corresponding elastoplastic problem is also the next topic.
